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Abstract. This paper studies symplectic manifolds that admit semi-free cir- 
cle actions with isolated fixed points. We prove, using results on the Seidel 
element gQ, that the (small) quantum cohomology of a In dimensional mani- 
fold of this type is isomorphic to the (small) quantum cohomology of a product 
of n copies of P . This generalizes a result due to Tolman and Witsman 



1. Introduction 

Let (M, u>) be a 2n dimensional compact, connected, symplectic manifold, and 
let {At} = A : S 1 — > Symp(Af, ui) be a symplectic circle action on M, that is, if 
X is the vector field generating the action, then Cx^ = dix^ = 0. Recall that the 
action is semi-free if it is free on M\M S . This is equivalent to say that the only 
weights at every fixed point are ±1. A circle action is said to be Hamiltonian if 
there is a C°° function H : M — ► R such that tju = —dH. Such a function is 
called a Hamiltonian for the action. 

Tolman and Weitsman proved in 1 1 1 1 that if the action is semi-free and admits 
only isolated fixed points, then the action must be Hamiltonian provided that there 
is at least one fixed point. There is a great deal of information concerning the 
topology of manifolds carrying such actions. The first result in this direction is 
due to Hattori 0. He proves that there is an isomorphism from the cohomology 
ring H*(M;Z) to the cohomology ring of a product of n copies of P 1 . Moreover, 
this isomorphism preserves Chern classes. In Tolman and Weitsman generalize 
Hattori's result to equivariant cohomology. The main result of this paper is to 
extend this result to quantum cohomology. In M.ll we prove that M is almost Fano 
manifold, therefore we can use polynomial coefficients A := Q[qi, . . . , q n ] for the 
quantum cohomology ring. The main theorem is the following. 

Theorem 1.1. Let (M,uj) be a 2n- dimensional compact connected symplectic man- 
ifold. Assume M admits a semi- free circle action with a finite non-empty set of 
fixed points. Then there is an isomorphism of (small) quantum cohomology 

QH*(M;A) 2 QH*((P 1 ) n ;A). 

Note that we can compute directly the quantum cohomology of P 1 x • • • x P 1 to 
get the following result. 

Corollary 1.2. The (small) quantum cohomology of M is given by 
QH*(M-A) = QH*((P 1 ) n ;A) S Q[Xu ' ' ' 9l ' ' ' ' ' 9nl 



< Xi * x t - q t > 
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where deg{xi) — 2 and degg^ = 4. 

Moreover, all other products are given by 

for i\ < • • • < ik- Here the product on the left is the quantum product, while the 
term on the right is the usual cup product. 

To prove Theorem 11.11 we will construct a set of generators {xt} of the cohomol- 
ogy ring H* (M;Z). Then we prove in Lemma |4. II that the quantum products of 
these generators satisfy the expected relations given in Corollary 1 1.21 

To get this relations we use a result of McDuff-Tolman ^1 to understand how 
the Seidel automorphism acts on the generators. We will see in Corollarv l3. 131 that 
this action do not have higher order terms, that is the automorphism is given by 
single homogeneous terms in quantum cohomology. Thus the Seidel automorphism 
acts by permutation of the elements in the basis. To construct such generators for 
the cohomology ring, we will adopt the tools that Tolman and Weitsman developed 
to prove the following theorem. 

Theorem 1.3 f |11|). Let (M,uj) be a compact, connected symplectic manifold with 
a semi-free, Hamiltonian circle action with isolated fixed points. Then, there is an 
isomorphism of rings H* S1 (M) ~ (((P 1 )™)) which takes the equivariant Chern 
classes of M to those o/(P 1 )™. Therefore the equivariant cohomology ring is given 
by 

H* sl {M) = Z[<2i, . . .,On,y]/((HV - of). 
Here 04 G Hgx (M) and the equivariant Chern series is given by Ct(M) = ^ i Ci(M)f 
where 

CtW^Hil+t^-y)). 

i 

Although Tolman and Weitsman use equivariant cohomology for getting an in- 
variant base for H*(M; Z), the results of McDuff- Tolman require a more geometric 
description of the basis. Therefore the crucial element in most of the results of 
this paper is having geometric representatives of the cycles dual to the cohomology 
basis. These geometric representatives are defined by the Morse complex of the 
Hamiltonian function. 

The paper is organized as follows. All the Morse theoretical constructions are 
111 ff2~n In section O we use equivariant cohomology to provide an invariant basis 
for cohomology. Then we establish the relation with the Morse cycles. In H3.ll wc 
define the quantum cohomology ring and we get results that help to reduce the 
quantum product formulas. In M3.3l we define the Seidel automorphism in quantum 
cohomology. In M3.4l we relate the Seidel automorphism with invariant chains. Then 
we compute explicitly the Seidel element. Finally in ^Iwe use the associativity of 
the quantum product together with some dimensional arguments to provide the 
proof of Theorem ll.il 

Acknowledgments: The author thanks Dusa McDuff for all her encouragement, 
patience, generosity and support. It would be impossible to finish this work without 
her help. The author also thanks CONACyT for their support. 
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2. Morse Theory and Equivariant Cohomology 

In this section we establish all the tools we need to prove Theorem 11.11 We 
start in i J2.1l with basic definitions of Morse theory. For more details the reader can 
consult ^ |H] for Morse theory. 

Following the approach of ^ , we will construct invariant Morse cycles to be able 
to calculate the Seidel element of M. This will be done in the next section. We 
introduce equivariant cohomology to identify a basis in cohomology and describe 
the relation with Morse cycles. At the end, we provide several results that will be 
necessary in [21 

2.1. Morse Theory. As in 2] let (M, u>) be a symplectic 2n-dimensional manifold 
with S 1 action generated by a Hamiltonian function H . Thus tjw = — dH and X = 
Jgrad(-ff), where the gradient is taken respect to the metric gj(x,y) = w(x,Jy) 
for an w-compatible S* 1 -invariant almost complex structure J. With respect to this 
metric, H is a (perfect) Morse function [3J and the zeroes of X are exactly the critical 
points of H. For each fixed point p e Al s , denote by a(p) the index of p and let 
m(p) be the sum of weights at p. Since the action is semi-free m(p) = n + (p) — rt_ (p) 
where n + (p) is the number of positive weights and the number of negative 

ones. Then a(p) = 2n_(p) = n — m(p). 

In order to understand the (co)homology of M in terms of ^-invariant cycles, 
we will consider the stable and unstable manifolds with respect to the gradient flow 
— grad(_ff). More precisely, let p, q be critical points of H. Define the stable and 
unstable manifolds by 

W s (q) = {7 : R — > M\ lim 7 (i) = q}, 

t >OQ 

W u (p) = {7 : R — > M\ lim 7 (i) = p}. 

t > — OO 

Here j(t) satisfies the gradient flow equation 

i(t) = -gradff(7(t)). 
These spaces are manifolds of dimension 

dimVF s (q) = 2n - a(q) and dimW u (p) — a(p), 
and the evaluation map 7 1— > 7(0) induces smooth embeddings into M 
E q : W s (q) — ► M and E p : W u {p) — > M. 

When these manifolds intersect transversally for all fixed points p, q, the gradient 
flow is said to be Morse-Smale |Hj ■ Under this circumstance we say that the pair 
(H,gj) is Morse regular. 

In |S] Schwartz proved that there is a way of partially compactifying these mani- 
folds and that there are natural extensions of the evaluation maps so that these com- 
pactifications with their evaluation maps E p : W s (p) — > M and E q : W u (q) — ► 
M, define pseudocycles. The compactification of W s (p) is made by adding bro- 
ken trajectories through fixed points of index a(p) — 1. When the action is semi- 
free and admits isolated fixed points, all the fixed points have even index (see 
comment after Theorem 12.211 . therefore W s (p) is already compact in the sense of 
Schwartz. Thus W s (p) is itself a pseudocycle. The same is true for W s (x). It is 
well known that pseudocycles define classes in homology (see [H])- We will denote 
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by G H a{x) (M;Z) and [W s (p)] G H n _ a{x) (M;Z) the homology classes de- 

fined by these manifolds. To make these classes ^-invariant we need to consider a 
special type of almost complex structure, as we explain below. 

Assume (M, uj) admits a Hamiltonian ^-action with isolated fixed points. Each 
fixed point p G M has a neighborhood U (p) that is diffeomorphic to a neighborhood 
of zero in a 2n-dimensional Hermitian vector space E(p) = E\ © • • • © E n , in such 
a way that the moment map H is given by 



and S 1 acts in Ej just by multiplication by e 27Tmj . Here the numbers nij G Z 
are exactly the weights of the action. Under the identification above, the almost- 
complex structure J is the standard complex structure on the Hermitian vector 
space E(p). Observe that E(p) can be written as E + © E~ where E^ is the sum 
of the Ej where rrij > or rrij < respectively. We can call the spaces i? ± the 
positive and negative normal bundles to the point p. 

If we start with any compatible almost complex structure J near the fixed points, 
we can extend J to an ^-invariant w-compatible almost complex structure Jm on 
M whose restriction to the open sets U(p) is J. Denote by j7i nv (M) the set of all 
J that are equal to Jm near the fixed points. 

The following lemma shows that it is possible to acquire regularity with generic 
almost-complex structures. 

Lemma 2.1 (@]). Suppose that H generates a semi free S 1 -action on (M,u>). Then 
for a generic choice of J 6 Jinv(M) the pair (H,gj) is Morse regular. 

For the rest of this paper, we will only consider Morse regular pairs {H,gj) as 
in the previous lemma. 

2.2. Equivariant Cohomology. We can start with a quick review of equivari- 
ant cohomology. Let ES 1 be a contractible space where S 1 acts freely, and de- 
note BS 1 = ES 1 /S 1 . Then iJ*(BS' 1 ;Z) is the polynomial ring Z[y] where y G 
i? 2 ( J BS' 1 ;Z). 

Let S 1 act on a manifold M. The equivariant cohomology of M, denoted by 
H* sl (M) is defined by H*(M x S i ES 1 ;^). Note that iJ*( J BS' 1 ;Z) is naturally 
isomorphic to Hg 1 (pt), if pt G M is a point. Under this construction, we have 
two natural maps, the projection p : M x s i ES 1 — > BS 1 and the inclusion (as 
fiber) i : M — > M x s i ES 1 . The pullback p* : H^BS 1 ;^) — ► H* t (M) makes 
H* S1 (M) a i?*(BS' 1 ;Z) module, while the restriction i* : H* S1 (M) — > H*{M) is 
the "reduction" of invariant data to ordinary data. An immediate consequence is 
that i*(y) = 0. 

Let j : M s — > M be the natural inclusion. In 3 Kirwan proved that if the 
action is Hamiltonian, the induced map j* : Hg 1 {M) — > Hg ± (M s ) is injective. 
The proof of this theorem is based on the following result, where we weaken the 
statement to match our needs. For a fixed point p G M s we denote by a\ p := 
(j P )*(a) where (j p )* : Hg 1 {M) — > Hg 1 (p) and j p is the obvious inclusion. 

Theorem 2.2 ( 3 ). Let the circle act on a symplectic manifold M in a Hamiltonian 
way. Assume the action is semi-free and that there are only isolated fixed points. Let 
p G M be a fixed point of index 2k. Then there exists a unique class a p G i?^t(M) 
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such that a p \ p — (— 1) y , and a p \ p r = for all other fixed points p' of index less 
than or equal to 2k. Moreover, if we consider all fixed points, the classes a p form 
a basis for Hg 1 (M) as a H*(BS 1 ; Z) module. 

As a remark on the previous theorem, note that the term (— l) k y k is the equi- 
variant Euler class of the negative normal bundle at p. 

As stated in ^ there is an isomorphism ff*(M;Z) = H^V 1 x • • • x P 1 ; Z) if 
M satisfy the hypothesis of Theorem 12.21 Since H is perfect there are exactly 
dim(H2k(M)) = Cl) critical points of index 2k. In 0^3, the above isomorphism 
is proved by counting fixed points. We will not discuss the proof here. 

Denote the points of index 2 by pi, . . . ,p n . In the light of Theorem 12. 21 for each 
fixed point we get classes a±, . . . , a n £ (M) such that 

,^ a i\ Pj = -y 

a j\p — for all other fixed points p of index or 1. 

These classes satisfy the following Proposition. 

Proposition 2.3 ( 11, Prop 4.4]). Let I be a subset of {1, . . . ,n} with k elements. 
There exist a unique fixed point pi of index 2k such that 

a i\pi = -y and onl V 3 G 1 

and a,j\ Pl = otherwise. 

Proposition ^ . Hl identifies the fixed points in M with subsets / of S := {1, . . . , n}. 
Observe that the cohomology class ai := Yl ieI £ Hg k (M) is the same as the class 
a Pl mentioned in Theorem 12. 21 Moreover this class is such that 

(2) ai\ PJ = (-l) fe y fe if and only if I C J 
and it is zero otherwise. 

Remark 2.4. The class ao, associated to the unique point of index zero, takes the 
value 1 € -ffgi (jpt) when restricted to any fixed point. Therefore it is the identity 
element in the ring H%i(M). Denote yao by y. 

If we apply the same results to the Hamiltonian function —H, we obtain unique 
classes bj £ ij|" _2fc (M) associated to each pj of index 2k such that bj\ PJ = 
(—iy l ~ k y n ~ k and is zero when restricted to all other fixed points of index greater 
or equal to 2k. These classes also form a basis of Hg 1 (M). The next proposition 
establishes the relation with the former basis. 

Proposition 2.5. Let L = {i\, . . . ,ik} and let L c — {ik+i, ■ ■ ■ ,i n } be its comple- 
ment. Then the classes bi satisfy the following relation 

(3) 6/ = v n -k + y<Jn-k-i + ■ ■ ■ + y n ~ k , 

where o~i is the i-th symmetric function in the variables ai k+1 , . . . , aj n . 

Proof. There are two ways of seeing this. One is just by checking that when we 
restrict the right side of Equation @ to the fixed point pj we get by means of © 
the same as bi\ PJ . We can also check by hand, i.e. by restriction to all fixed points. 
Once again, applying J5J we get 



b {i y = a l + y, 
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Finally we can check that 

b i\pj = {Y[(^ + y)}\pj- 

for all fixed points pj. 

□ 

Consider a point pi of index 2k and associate the class aj G Hgl(M) as before. 
When we restrict a/ to M we obtain a class Ot|m G H 2k (M;l 1 ). By taking the 
Poincare dual of o/|jif, we get a homology class G H 2n -2k{M; Z). Similarly 
using the class &/ we get a homology class G H2k{M; Z). Here is an immediate 
corollary of Proposition 12. 51 

Corollary 2.6. TTie class is the same as the class p\ a . 

Proof. This is clear because the variable y is mapped to zero under reduction to 
usual cohomology. Now use that o~ n ^k — aj<=. 

□ 

The last part of this section establishes the relation of the pf classes with the sta- 
ble and unstable manifolds of fc l2.ll This is summarized in the following proposition. 
Remember that we are working with an almost-complex structure J in Ji m (M). 
This result would fail without this hypothesis. 

Proposition 2.7. Let pj be a fixed point of index 2k. Then the classes pj and p^ 
are exactly the same as the classes [W u (pi)] and [W*(pj)] respectively. 

Proof. Recall that ES 1 can be taken to be the infinite dimensional sphere S°°. 
Consider a finite dimensional approximation M N := M x s i S 2N+1 of M x S i ES 1 — 
M x 51 5°° for N G N big enough . These are finite dimensional smooth compact 
manifolds. Since W s (pi) is ^-invariant, there is a natural extension W ' s (pi) '■= 
W s {p!) x s i S 2N+1 of W^(p/) to M N . Let X N be the Poincare dual of W N ' s (pi) 
in M N . 

For all N, there is a natural inclusion (as fibre) : M w M N . Since the 
inclusions are natural, the restriction X \m ■— (iiv) {X N ) G H*(M) is the same 
as the Poincare dual of in M. 

Observe that the natural inclusions 

M N ^ M N+1 -->■■•■ lim M N = M x s i ES 1 

induce a sequence 

> x N + 2 > X N+1 ► X N 

given by the restrictions. Thus, by considering the directed limit, there is an element 
X := limX N G H*(M x S i ES 1 ) = H* sl {M) 

that restricts to X N for all N. Naturally, if i : M <—> M x s i ES 1 is the inclusion, 
then X\m '■= i*(X) = PD([W s (pj)]). We claim that X satisfies the same properties 
as the class ai, that is, X\ PI = (—l) k y k and X\ p = for all other fixed points p 
such that a(p) < 2k. Therefore, by Theorem 12.21 we must have X = a/. Then 
PD(X\hj) = PD(ot|m) and the result will follow immediately. 

Take a neighborhood U(pi) around pj as in fcJ2.ll Thus, U{pi) is isomorphic to 
an open neighborhood V of zero in E + E~ . It is clear that if U(pi) is small 
enough, W s (pi) C\U{pi) is diffeomorphic to E + n V. Therefore, the normal bundle 
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of W s {pi) can locally be identified with E~ . Finally, by carrying this localization 
to X N and considering the limit, we have X\ PI = e(E~) = (—l) k y k , where e(E~) 
is the equi variant Euler class of E~ . 

To finish the proof, observe that if p is any other fixed point with index less than 
or equal to 2k, there is no gradient line from p to pi. This is because the gradient 
flow is Morse- Smale. Hence, by using the localization again we obtain that X\ p — 0. 
This proves the proposition. 

□ 

Corollary 2.8. By the definition of the classes ai and bi, we have 

[W u ( Pl )}=pJ = PB(bj\ M ) and [W s ( Pl )]=p+ = PD( a/ | M ), 

therefore the product [W u (pi)] H |W s (pj)] is given by 

[W u {pi)\ n [W s ( P j)] = PD(6/| A/ ) nPD( aj | M ) - PD(6jaj| M ). 

Corollary 2.9. By Corollarv \2.b\ and Proposition \2. 7| above we have the "duality" 
relation [W u (j3i)] = [W^p^)]. 

Remark 2.10. Let x, L := ai\M G H 2 (M;Z). The theory of this section proves 
that the elements Xi generate the algebra H*(M;Z). Therefore a basis for the 
vector space £f 2fe (M;Z) consists of the elements for sets I — {ii < 

*2 " " ' < ik}- Moreover, by Theorem \1 AA the first Chern class of M is given by 
c 1 (M) = 2(x 1 + --- + x n ). 

Proposition 12.71 also provides some information about the existence of gradient 
lines. More precisely we have the next proposition. 

Proposition 2.11. Let L = {ii, . . . ,ik} C <S. Take ik+i $ I and consider V — 
L U {i k+1 }. Let Aj := J2 ie iPi e H 2 (M). Then, 

a) There is a gradient line from pp to pi . Moreover, the homology class of the 
sphere generated by rotating the gradient line by the S 1 action is p^ k+1 ■ 

b) There is a broken gradient line from ps to pi . The class Ajc is then rep- 
resented by rotating this broken line. Also, lo{A[c) = H max — H(pi) and 
ci{A IC ) = n + m(pi). 

Proof. To prove there is a gradient line from pi' to pi we need to show that the 
intersection W u (jpp) C\W s {pi) is non-empty. By definition of the intersection prod- 
uct in terms of pseudocycles it is enough to prove that the intersection product 
of the classes [W u (pi>)} and [W^fjj/)] is non-zero. 

Consider the equivariant cohomology classes 6// and a/. By Proposition 12. 51 we 
get 

bi> a i = a i '"a i + yd 
where d G H* S1 (M). Since I' c = L c n {i k +i} c = {u-+i} c , 

aj/ca/ = a {ik+l} a. 

Once again by Proposition 12. 51 

a{i fc+1 }-U/ = K+iIm, 

thus 

bi>ai\M = h k+1 \m- 
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Now, using Corollary 12. 81 we get 

(4) [W u (p r )} n [W S { PI )\ = PB(b rai \ M ) = PD(6 lfc+1 \ M ) = P7 k+1 * 0. 

Therefore, there is a gradient line, thus a whole gradient sphere A, just by rotating 
the gradient line. Note that there can be more than one gradient sphere from pj> 
to pi. We claim that all these gradient spheres must be homologous. 
It is not hard to see from the construction of A that 

u(A)= [ u = H{p v ) - H{pi). 

J A 

Therefore if A 1 is another gradient sphere joining pj> and pi, oj(A) — uj(A'). Also 
observe that if oj' is any ^-invariant form sufficiently close to oj then oj(A) = oj'(A). 
Now since the symplectic condition is an open condition we can perturb oj to obtain 
a new symplectic form oj' close to oj. By averaging respect to the group action, 
we can assume the form oj' to be ^-invariant. This proves that the classes A' 
and A have the same symplectic area, that is oj'(A) — oj'(A'), for an open set of 
symplectic forms oj'. Since M is simply connected and there is no torsion A must 
be homologous to A'. Finally by Equation (@J this sphere must be in class P^ k+1 - 

To prove the second part, we can do the same process for each point in I c = 
{ik+i ■■■««}■ Then getting a sequence of gradient lines 

Ps Ps-{i„_!} ■ ■ -Piu{ lk+1 } ^ Pi- 
It is clear now that the chain of gradient spheres obtained by rotating this broken 
gradient line must be in class Aja . Note that we could also use a gluing argument 
as in [H] to prove that there is an honest gradient line from p$ to pj. Thus oj(Aic) — 
#max - H{pi) and Ci(Aje) = m(p I ) - m(p s ) = n + m(p I ). 

□ 

3. Quantum Cohomology and the Seidel Automorphism 

3.1. Small Quantum Cohomology. In the literature, there are several defini- 
tions of quantum cohomology. In this section we make precise the definition of the 
quantum cohomology we are using, assuming the definition of genus zero Gromov- 
Witten invariants. We will follow entirely the approach of Chapter 11]. 

Let A u be the usual Novikov ring of (M, oj). We recall that A w is the completion 
of the group ring of H2(M) := H2(M; Z)/Torsion. It consists of all (possibly 
infinite) formal sums of the form 

a = J2 X ^ A 

A<EH 2 {M) 

where A^i 6 K and the sum satisfies the finiteness condition 

#{A e H 2 {M)\X A Q,oj{A) < c} < oo 

for every real number c. By definition, deg(e A ) = 2c\(A), where c\ is the first 
Chern class of M . 

The (small) quantum cohomology of M with coefficients in A w is defined 

by 

QH*(M) :=H*(M) ® Z A W . 
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As before H*(M) denotes the ring H*(M;Z) modulo torsion. We now proceed to 
define the quantum product on QH*(M). We want the quantum product to be 
a linear homomorphism of A^-modulcs 

QH*(M) ® Aui QH*(M) — > QH*(M) :(a,b)^a* b. 

Since QH*(M) is generated by the elements of H*(M) as a A w -module, it is enough 
to describe the multiplication for elements in H*(M). Let eo, ei, . . . , e„ be a basis 
for H*(M) (as a Z- module). Assume each element is homogeneous and eo = 1, the 
identity for the usual product. Define the integer matrix 



9ij ■— e i ^ e j- 
Jm 

Here -—^ ej is the usual cup product in cohomology. Let g lJ be the inverse matrix. 
The quantum product of a, b € H*(M), is defined by 

(5) a*b:= ]T ^GW^( tt ,6,e l )/ 3 e J ®e B 

BeH 2 (M) k,j 

The coefficients GWg 3 are the usual Gromov-Witten invariants of J-holomorphic 
curves in class B. The terms in the sum are nonzero only if deg(efe) + deg(ej) = 
dimM and deg(et) + deg(6) + deg(e^) = dimM + 2c\(B). Thus, it is enough to 
consider classes B such that 

deg(a) + deg(6) - dimM < 2 Cl (B) < deg(a) + deg(6). 

In the problem at hand, a basis for H*(M) is given by the elements xj as in 
EHul Then the integrals 



gu = Xi-^xj 

IM 

all vanish unless the sets I and J are complementary. This is because if /, J C 
{1, . . . , n}, xj ^ij = x$ if and only if I c = J. Here x$ is the positive generator 
of H 2n (M;Z). 

We claim that to compute the quantum product, we only need to consider in 
Equation (JSJ classes B such that c\(B) > 0. More precisely, we have the proposi- 
tion. 

Proposition 3.1. Assume (M,u>) is a symplectic manifold with a semi-free S 1 - 
action with only isolated fixed points. Let B G H2(M), and let a, 6, c € H*(M). If 
ci(-B) < 0, then the Gromov-Witten invariant GWg 3 (a,(),c) is zero. Moreover, if 
Ci(-B) = and some GW B 3 ^ 0, then B = 0. Therefore, the expression for the 
quantum product ^) can be written as 

a*b — a-— b+ ob ® e B . 

BeH 2 (M), Cl (B)>0 

where the classes a B have degree deg(as) = dega + deg& — 2c\(B). 

Remark 3.2. Note that since c\{B) is even, the classes as appear in the sum 
above by "jumps" of four in the degree. 

The rest of this section is dedicated to the proof of Proposition 13. II 
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To compute the Gromov-Witten invariants GW B 3 (a, b, c) one usually constructs 
a regularization (virtual cycle) Mq 3 (M, J, B) of the moduli space M.q${M, J, B). 
Then one computes the intersection number of the evaluation map 

ev :M v 0t3 (M,J,B) — > M 3 

with a cycle a± x «2 X ct 3 representing the class PD(a) x PD(6) x PD(c). This 
procedure can be modified in the following way. First, let a : Z — ► M 3 be a 
pseudocycle that represents the product PD(a) x PD(6) x PD(c), then define the 
cut-down moduli space by 

Mo,a(M, J, B; Z) := ev^^Z)). 

Here ev : Mq^(M, J, B) — ► M 3 is the evaluation map and a(Z) is the closure 
in M of the pseudocycle Z Finally, construct a regularization of the cut-down 
moduli space. McDuff and Tolman use this approach to calculate the Gromov- 
Witten invariants. The next two results are proved in 0]. They show exactly how 
to compute the invariants GW^ 3 using this procedure. Remember that an S 1 
action on M can be extended to an action on J-holomorphic curves just by post- 
composition. Also, a pseudocycle a : Z — ► M is said to be ^-invariant, if a(Z) 
is. 

Proposition 3.3. Let (M,ui) be a symplectic manifold. Then, the Gromov-Witten 
invariant GW B 3 (a,b, c) is a sum of contributions, one from each connected com- 
ponent of the moduli space Mq. 3 (M, J, B; Z). 

Assume now that M is equipped with an S 1 action {At}, and that a : Z — ► M 3 
and J are S 1 -invariant. Then, a connected component of A4q,3(M, J, B; Z) makes 
no contribution to GW B 3 (a,b,c) unless it contains an S 1 -invariant element. 

The following lemma describes what the invariant elements in the moduli space 
A4o,k(M, J, B) are. We include a proof so that Corollary 13.51 is a more natural 
result. 

Lemma 3.4. Let (M, u>) be a symplectic manifold with a semi-free S 1 -action. Let 
[u] be a class in the moduli space Mo,k(M, J, B) represented by a J-holomorphic 
sphere u : P 1 — ► M . Assume [u] is fixed by the action A = {A#}. Then, there are 
at most two marked points, i.e. k < 2 and u can be parametrized as 

u : R x S 1 — v M, u(s, t) = X p a(s). 

Here 7 : R — ► M is a path joining two fixed points x,y E M so that the marked 
points are in u^ 1 {x,y}, and 7 satisfies the gradient flow equation 

(6) 7'( s ) — P grad(iJ) for some p ^ 0. 

Moreover, if we fix 7, the parametrization is unique provided 

x= lim 7(s) and y — lim j(s). 

s > — 00 s >oo 

Proof. Let u : P 1 — > M be a non constant and not multiply covered J-holomorphic 
sphere in M. For each 9 £ S 1 the map \g o u must be a reparametrization of u. 
This is because the equivalence class [u] is fixed under the action. Thus, there is a 
4>e E PSL(2, C) such that Xgou = uo(fig. Since the map u is not multiply covered <p9 
is unique. Then, it is easy to see that the assignment S 1 — > PSL(2, C) : 9 1— > 4>g is 
a homomorphism. Since the only circle subgroups of PSL(2, C) are rotations about 
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an axis, we can choose coordinates on P 1 so that the rotation axis is the line joining 
the unique fixed points [0 : 1] and [1 : 0]. Assume that Im(u) l~l M s = {x,y}. 
Identify P 1 /{[0 : 1], [1 : 0]} with the cylinder K x S 1 with complex structure jo 
defined by jo(d s ) = dt, (s,t) e IR x S 1 . If k — 2 we identify the marked points 
[0 : 1], [1 : 0] with the ends of the cylinder, so that u([0 : 1]) = x and u([l : 0]) = y. 
In general the image of the marked points must be fixed by the action. Therefore 
the marked points can be identify with a subset of {[0 : 1], [1 : 0]}. If (s, t) eRxS 1 
are the standard coordinates, then 

(f>d(s, t) = (s, t + q9), and (Ag o u)(s, t) — u(s, t + q0) where q = ±1. 

Define 7(5) := u(s, 0). Then we get u(s,t) — Xtj(s). Since u is J-homomorphic 
and J is invariant 

(A t )*(7'(s) + JX(<y(s))) = d s u + Jd t u = 0. 

With respect to the metric gj, the gradient flow of H is given by gradi? = —JX, 
thus 7'(s) = grad(if)(7(s)). Now use that any sphere is a |p|-fold cover of a simple 
one. We absorb any negative sign into p rather than q. □ 

Note that our original goal was to understand the invariant stable maps in 
Mo,s{M, J, -B; Z). By the previous lemma, the non-constant components of the 
stable maps may carry at most two special points. Then the ^-invariant elements 
in Mq,3(M, J, B; Z) may have a ghost component that carries the third marked 
point. 

We have as an immediate consequence the following corollary. 

Corollary 3.5. Assume the same hypothesis as in Lemma \y.4\ Let u be an S 1 - 

invariant sphere, and let A G H^M) be its homology class in M. Then its first 
Chern class is given by C\{A) — p(m(x) — m(y)) 7 and is always positive. Here m(x) 
is the sum of the weights at x. 

Proof. Recall that m{x) = n — a{x) where a(x) is the Morse index of x. Now, 
if m(x) < m{y), the path 7 from x to y must satisfy Equation © with p < 0. 
This is because there are no generic solutions to this equation otherwise. Then 
C\{A) = p(m{x) — m{y)). If m{x) > m(y), now p must be positive and the result 
follows. 

□ 

Remark 3.6. Let u be an S 1 -invariant holomorphic sphere, let A 6 H2(M) be its 
homology class. Lemma \S.J\ and Corollarv \3. 5\ imvlv that if c±(A) — then A must 
be zero. This is because if A joins two fixed points x, y £ M , they must have the 
same index, which is not possible because the flow is assumed to be Morse-Smale. 

Proof of Provosition \'S.l\ By Proposition ^ . 31 a component of A^o,3(-^: J, B; Z) con- 
tributes to GWg 3 (a, b, c) only if the moduli space has a ^-invariant stable map u. 
We can assume that there is at least one non-trivial component Ui of the stable map 
u. Since u is invariant, so is u,. Therefore, Corollary 13.51 implies that ci(Sj) > if 
Bi G Bi2(M) is the class of ui. Then c\{B) > and the first claim follows. Note 
that the second part is a direct consequence Lemma 13.41 because any ^-invariant 
J- holomorphic map with zero Chern class must be constant. 
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Finally , the product a * b can be written as 

a^b+ X]GWB. 3 (a,6,z/)z/<= ® e s . 

ci(S)>0 / 

Now take 

This proves the proposition. Note that we have deg(as) = dega + deg& — 2c\(B). 

□ 

3.2. Almost Fano Manifolds. Assume the hypothesis of Proposition 13.11 The 
relevant spheres (the ones that count for the GW invariants) all have positive first 
Chcrn class. Moreover, let B 6 H2(M) be as in Proposition 13. II then ci(B) > 0. 
Since B is invariant, using Proposition 12 . 1 II and Lemma l3~H B can be written as a 
combination 

i 

where the coefficients di are non-negative integers. Therefore, if we define Ai := p^ 
and qi := e Ai , we may now consider the polynomial ring 

A = Q[ qi ,...,q n ] 

as coefficients for the quantum cohomology. Then, if B is as before, 

e fl =«!*... g>. 

This will be really useful in 21 For the rest of this paper, we will assume A to be 
the quantum coefficient ring. 

We finish this section with a discussion about the behavior of J-holomorphic 
curves in M. In the literature an almost complex manifold (N, J) is said to be 
Fano if the first Chern class c\ (TN, J) takes positive values on the effective 
cone K (N, J), namely 

K eS (N, J) := {A e H 2 (N)\3 a J-holomorphic curve in class A}. 

In symplectic geometry sometimes is useful to consider the definition 

K cS (N,uj) = {Ae H 2 (N)\A U ...,A n eH 2 (N):A = ^4GW^ 3 ^ 0} 

i 

for the effective cone on a symplectic manifold (N,lj, J) with a compatible almost 
complex structure J. Its clear that K eS (N 7 ui) C K eS (N, J). Then, we can say that 
(N,uj,J) is almost Fano if the first Chern class c±(TN,J) takes positive values 
on the effective cone K (N,uj). We have the following corollary. 

Corollary 3.7. Let (M,u>) be a symplectic manifold with a semi-free S 1 -action 
with isolated fixed points. Then (M,u>, J) is almost Fano. 
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3.3. The Seidel Automorphism. In this paragraph we introduce the theory be- 
hind the definition of the Seidel element. The results concerning the present prob- 
lem are discussed next. We will follow closely the book UJ. The proofs of the results 
exposed in this section are mostly contained in Chapters 8,9 and 11. 

Let M be as in fl] Since the action is Hamiltonian, it is possible to associate 
to M the locally trivial bundle M\ over P 1 with fibre M defined by the clutching 
function (action) A : S 1 — > Ham(M, ui): 

M\ := S 3 x s i M 

We denote the fibres at [1 : 0] and [0 : 1] by Mo and M m respectively. Note that 
the isomorphism type of M\ only depends on the homotopy class of A. 

Since A is Hamiltonian, we can construct a symplectic form f2 on M\. In fact 
the bundle 7r : M\ — ► P 1 is a Hamiltonian fibration with fibre M , thus admitting 
sections ([HJ Chapter 8]). 

In the case when the manifold has an S^-action, we choose an f2-compatible 
almost complex structure J on M, such that J is the product Jo x J under trivial- 
izations. We can define for each fixed point x G M s a pseudoholomorphic section 
(t x ■= {[zo ■ zi;x]jjz ■ Zi] e P 1 }. 

Take A G H 2 (M\,Q) a section class, that is n*(A) = [P 1 ]. Let a 1: a 2 G H*(M). 
Given two fixed marked points Wx , W2 € P 1 we may think of the Poincare dual to the 
class Oj as represented by a cycle Zi in the fibre Mj M\ over w, . With this infor- 
mation it is possible to construct the Gromov-Witten invariant GW-r X ' w (ai, 02). 

This invariant counts the number of J-holomorphic sections of M\ in class A that 
pass through the cycles Z\. 

Definition 3.8. Let (M,ui) be as before. Let a : P 1 — ► M\ be a section. The 
Seidel automorphism 

*(A,cr) : QH*(M; A) — > QH*(M; A) 

is defined by 

(7) *(A,<7)(o)= E GW S+r,A,2(«>e fe )/ i e j ®e A . 

AeH 2 (M) k,j 

where i : M > M\ is an embedding (as fibre). 

In this definition we are considering a basis {e^} for H*(M) as in Equation 0. 
It is important to remark that the Seidel automorphism as defined above does not 
preserve degree. The shift on the degree depends on the section class a that we use 
as reference. 

If 11 G QH*(M) denotes the identity in the quantum cohomology ring, the class 
^(A, <r)(ll) G QH*{M) is called the Seidel Element of the action respect to the 
section a. We will use the same notation for the Seidel automorphism and the 
Seidel element. Thus, the Seidel automorphism is now given just by quantum 
multiplication by the clement ^(A, <r) 6 . That is, 

*(A, a) (a) = *(A, a) * a. 

Note that the Seidel automorphism shifts degree by deg(^(A, a)). 



14 



EDUARDO GONZALEZ 



3.4. Seidel Automorphism and Isolated Fixed Points. Consider now the 
present problem. That is, assume that the action is semi- free and it has isolated 
fixed points. Let <7 max be the section defined by the fixed point p$. In this particular 
case the automorphism ^(A, cr max ) increases the degree by 2n. Let pi G M be a 
fixed point. Recall that we can associate to pi classes in homology pj and p\ ', and 
if we consider all the fixed points, then the classes p\ form a basis for H*{M). 

The next theorem, due to McDuff and Tolman |T]. gives the first step towards 
a description of the Seidel automorphism. Although they have proved this result 
in great generality (the fixed points are allowed to be in submanifolds rather than 
being isolated) and they use quantum homology rather than cohomology, it is not 
hard to adapt their result to our present notation. 

Theorem 3.9 (McDuff- Tolman). Let (M,uj) be a symplectic manifold with a semi- 
free circle action with isolated fixed points. Assume its associated Hamiltonian 
function H is such that J M Huj n — 0. Let Aj G Hi(M) be as considered in \2.11\ 
Then, the Seidel automorphism can be expressed as 

*(A,a max )(PD(p7)) =PD(p+)®e A ' c + £ a B ®e A " +B . 

uj(B)>0 

where as G H*(M). If as ^ then Aegxi — degas = 2ci(S). Moreover, if we 
write the sum above in terms of the basis {PD(pj)} we get 

*(A,a max )(PD(p7)) = PD(p+) ® e A " + ° B > J PD ^ ® z Al ° +B ■ 

uj{B)>0 JeS 

We know by Corollary 12 . 61 that pj = p\ a . By definition PD(p^) = xj, therefore 
we have the following straightforward corollary. 

Corollary 3.10. Let (M,u>) be a symplectic manifold with a semi-free circle action 
with isolated fixed points. Assume its associated Hamiltonian function H is such 
that J M Huj n = 0. Let {xi} be the basis for the cohomology ring as considered in 
Remark \2.1(A and let Ai £ H2(M) as considered in \2.11\ The Seidel automorphism 
can be expressed as 

(8) *(A,CT max )(a;/c) = xi®e A ' c + ^ a;j®e A ' c+ii . 

w(B)>o Jes 

The rational coefficients j can be nonzero only if \I\ — \J\ = c\{B) and the 

moduli space JV[q 2 {M\, J, 07 + B] W u {pi), W u {pj)) has an S 1 -invariant element, 
a i denotes the section defined by the fixed point pi . 

Thus, the key to understand the Seidel automorphism is first to know what the 
iSMnvariant elements in moduli spaces 

M), 2 (Ma, J, (Ji + B-Z, Z') 

are. Here Z and Z 1 are closed ^-invariant cycles in M . These elements are called 
invariant chains in section class a z + A from x G Z to y G Z' with root z 0] . We 
will explain what is the meaning of this. 

Given x,y, z G M s an invariant principal chain in section class a z + A from 
x G Z to y G Z 1 with root z is a sequence of fixed points x = x\, . . . , xu = y joined 
by J-holomorphic spheres with the following properties: 



QUANTUM COHOMOLOGY AND ^-ACTIONS WITH ISOLATED FIXED POINTS 15 



a) There is 1 < io < k such that Xi = Xi a +i = z, and they are joined by the 
section a z . 

b) For each 1 < i < k where i ^ io, the points Xi,Xi+± are joined by an 
invariant sphere (in M) in class A;. 

c) E^=A 

An invariant chain in section class a z + A from x € Z to y € Z' with root z 
is a chain as above with additional ghost components at each of which a tree of 
invariant spheres is attached. In this case, A is the sum of classes represented by 
the principal spheres and the bubbles. 

Also, we can decompose A — A' + A" , where A' is the sum of spheres embedded 
in the fibre Mo and A" the ones in M^. An immediate lemma is the following 

Lemma 3.11. Assume the hypothesis of Corollaru \H.l(\ and suppose a z + A is an 
invariant chain in the moduli space 

M ,2 (M A , J, a i + B; W"( Pl ), W u ( P j)) . 

Let A = A' + A" be the decomposition of A as described above. Then, the first 
Chern classes c\(A'),ci(A") can be estimated by 

Ci(A') > \m(x) - m(z)\ and C\(A") > \m(y) - m{z)\. 

Therefore 

c i(^4) > \m(x) — m(z)\ + \m(y) — m(z)\, 
Cl (S)>max{ Cl (A),ci(^")}. 

Moreover if the coefficient Cb.j ^ 0, then c\{B) > 0. Finally, observe that c\(A) = 
if and only if A = 0. 

Proof. If Ai is an invariant sphere joining Xi to Xi+i, Lemma 13.41 shows that 
ci{Ai) > \m(xi) - m(x l+ i)\ . Then ci(A') > 5Z i=0 \m(Xi) — m(x i+ i)\ > \m{x) - 
m{z)\. The other part is analogous. Now, write ai + B — A + a z , since x € W u (pj), 
m(x) > m[pi), then C\{B) > Ci(A"). Similarly Ci(B) > Ci(A'). For the last state- 
ment, note that if C B ,j ^ then A ^ 0. Then A' ^ or A" ^ 0. In any case 
ci(-B) > 0. For the last claim, note that if Ai is an invariant sphere with c\(Ai) = 0, 
Remark 13.61 implies that Ai must vanish. 

□ 

With Lemma f3. Ill we can simplify the expression (JHJ to get the following corol- 
lary. 

Corollary 3.12. Assume the same hypothesis of Corollarv \3.1(A Then the Seidel 
element is given by 

(10) *(A,a max )(x/c) = Xl ®e A ' c - + ^ £ C B ,j xj ® e A ' c+B . 

u{B)>0, Cl {A)>0 Jes 

Again Cb,,j = unless \I\ — \ J\ = c\{B) and the moduli space Mo,2{M\, J, o~i + 
B;W u (pi),W u (pj)) has an S 1 -invariant element. 

Note that the only difference to Equation ((SJ) is that we are considering only 
classes B with positive Chern number. 

If there are any higher order terms, that is, terms that correspond to positive first 
Chern classes c\{B) > 0, they contribute to the sum ltTU|) as an element of degree 
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2(| J| + ci(Aic + B)). Heuristically an invariant chain A + a z makes a contribution 
only if c\(A) is big enough so that the inequalities are satisfied. We will see in 
our next result that with our present hypotheses there are no such contributions. 
Thus there are not higher order terms. This result fails if for instance we allow 
the action to have fixed points along submanifolds, as we will see in the example 
described in Observe that we can normalize our Haniiltonian function H (by 
adding a constant) so that J M Hoj 71 = without altering any of our previous results. 

Theorem 3.13. Let (M, u>) be a symplectic manifold with a semi-free circle action 
with isolated fixed points. Assume its associated Hamiltonian function H is such 
that J M Hu> n = 0. Then, the Seidel automorphism >J (A, er m ax) acts on the basis 
{x/} by 

(11) *(A,cw)(a;/) = x lc <8> e Al 

Proof. Consider I c instead of I. By Corollary 13 . 1 21 the Seidel automorphism can 
be computed 

* (A, cr max )(xj=) = XI ® e A " + ^ C b ,jxj ® e A ' c+B 

a(B)>o,Jes 

As in Proposition 13.11 the Chern number C\(B) is a multiple of two. Thus 
the terms in the sum appear with "jumps" of four in the degree. By Corollary 
13.121 Cb,j is nonzero only if there is a ^-invariant element in the moduli space 
M ,2(M X , J, oi + B; W u (pi), W u (pj)). We want to see that the coefficients C B .j 
are all zero. 

By contradiction assume there is an invariant chain o~ z + A in this moduli space. 
Therefore A goes from a fixed point x S W u (pi) to a fixed point y 6 W u (pj). This 
chain satisfies 

(12) a z + A = ai + B. 

Since the gradient flow is Morse-Smale and there is a gradient line from pi to 
x, m(x) > m(pi) — n — 2\I\. Analogously m(jj) > m(pj) = n — 2\J\. Since 
ci(i?) = |7| — | J| > and we know c\(A) + m(z) = m(pi) + Ci{B) from Equation 
JT2J, we get 

(13) d(A)= 21^1-1/1-14 

where K C S is such that px = z. 
Finally, from Lemma 13.111 we have 

Ci(^4) > |m(a;) — m(z)\ + \m(y) — m(z)\ 

> -2m(z) + m(y) + m(x) 

> 4\K\ -2|/| -2|J|. 
Therefore, by Equation ljT3|) 

2|X|-|/|-|J|= Cl (^)>2(2|ir|-|/|-|J|). 

This is only possible if c\(A) — 0, i.e 2\K\ — \J\ = |/|. By Lemma f3. Ill A must be 
zero. Thus x = y = z. Therefore B = <j z — aj. Hence C\{B) — m{z) — m(pi) — 
2(|/| - \K\). Since Cl (A) = 0, Equation O implies |/| - \K\ = \K\ - \J\. Thus 
< ci{B) = 2{\K\ - \J\). By hypothesis p K = z = y £ W u (pj). Then we have 
\K\ < \ J\. Thus c\(B) < 0, which is a contradiction. This proves the theorem. 
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□ 

Corollary 3.14. The Seidel element \I/(A, cr max ) is given by 

*(A, fT max ) = X S . 

and the quantum product of xs with the element xi is given by 
(14) x s * xi — xjc ® e Al . 

Proof. The first part is obvious since *(A, cr max ) = \&(A, <r max ) * 11 = \]>(A, a" max ) * 
= 'X 1 e°. For the second part, observe that 

xjc (gi e Al = *(A, CT max ) * = a; 5 * xi. 

□ 

The next paragraph is dedicated to discuss an example where the symplectic 
manifold has a semi-free circle action but the Seidel automorphism has higher or- 
der terms when evaluated on a particular class. In this example the fixed points 
are along submanifolds. This illustrates that we cannot have a result similar to 
Theorem 13. 131 if we weaken one of our hypothesis. 

3.5. Example. 4, Example 5.1] Let M — P 2 be the one point blow up of P 2 with 
the symplectic form lu^ so that on the exceptional divisor E, < oj^(E) = fj, < 1 
and if L = [P 1 ] is the standard line, we have = 1. We can identify M with 

the space 

{(z u z 2 ) £<C 2 | M < M 2 + M 2 < 1} 

where the boundaries are collapsed along the Hopf fibres. One of the collapsed 
boundaries is identified with the exceptional divisor. The other with L. 

A basis for JEf*(M) is given by the class of a point pt, the exceptional divisor E, 
the fibre class F = L — E and the fundamental class [M]. Note that the intersection 
products are given by E ■ E = —1, E ■ F = 1, F ■ F = 0. Denote by b and / the 
Poincare duals of E, F respectively. Then b ■ b = —1 and f ■ f — 0. It is not hard 
to see that the positive generator of H 4 (M) is 6 — / = PD(pt). Let us denote this 
class by just bf, so that a basis for the cohomology ring is {1,6,/, bf}. Observe 
that M with the usual complex structure is Fano . 

The non-vanishing Gromov-Witten invariants are given by 

GW^ 3 (6/, bf, f) = GW% 3 (bf, b,b) = l; 
GWe 3 (ci,c 2 ,c 3 ) = ±1 where a = b or /. 

Let us consider the usual Novikov ring A w as the quantum coefficients. Then the 
quantum products are give by: 

bf*bf = {b + f)®e L bf*f = ^®e L 

bf * 6 = / ®e F 6*6 = -bf + 6«e E + l®e f 

b*f = bf-b®e E f*f = b(g>e E . 

In 0] it is proved that the circle action on M given by: 

a : (z u z 2 ) h+ (e' 2 ^ t z 1 ,e~ 2mt z 2 ), for < t < 1. 
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is Hamiltonian. The maximum set of this action is exactly the points lying on 
the exceptional divisor E and the minimum set is the line L. After taking an 
appropriate reference section a, the Seidel element ^(a, a) is given by 

*(a,cr) = b. 

Thus, evaluating the Seidel map on the class / we have 

#(a, a)(f) = (a, a) * f = b * / = bf - b ® e E '. 

Therefore the Seidel automorphism does have higher order terms when evaluated 
on the class /. 

4. Proof of main result 

Now we are ready for proving the main theorem. Recall that the quantum 
coefficient ring is A = Q[qi, ■ ■ ■ ,q n ]- We also denote the usual cup product a b 
by ab for all a.b e H*(M). 

Proof of Theorem \l.ll This is an immediate consequence of the next lemma. 

□ 

Lemma 4.1. Let I — {1 < i\ < %2 < ■ ■ ■ < ik < n}, and let 1 < i < n. Then 

(15) Xi x * • • • * Xi k = Xj and Xi * Xi — 11 ® e Ai = qi 

Proof. To prove the first equality we will proceed by induction. Assume we have 
only two elements, say Xi,Xj, with i ^= j. Then, by Proposition 13 . II and Remark 
13. 21 we have 

Xi * xj = + c 11 (g) e s , 

where the coefficient c is a rational number and c\(B) > 0. 

From Corollary 13 . 1 41 and the associativity of quantum multiplication we get 

(16) (x$ * x^ * Xj — (x{iy * xj) ® e Ai 

— x^y ® e i} + c xs <8> e B . 
By Proposition 13 . 1 1 the term x^y * Xj is of the form 

x^cXj + as'®e B 

Cl (B')>0 

where again deg(as') = deg(x^a) + deg(xj) — 2c\{B') < 2n. Since j e {i} c , the 
term xs^yXj is zero. Thus we have 

a B > ® e B ' ® e At = x {ij y ® e Aii + c x s ® e B . 

ci(B')>0 

Then by comparing the degree of the coefficients in the previous equation, the 
constant c must vanish. 

For the general case we will use the same argument. Assume the result holds for 
k different elements. Let V = {ik+i} U /. The quantum product * ■ •• * Xi k+1 is 
by the inductive hypothesis, the same as xi * Xi k+1 . This element can be written in 
terms of the basis as 

xi * x ik+1 = xp + 2J a B jxj(3e B 

ci(S)>0,JC5 
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where 2\J\ — deg(xj) = deg(a;j/) — 2d < deg(xi/) — 4 and the coefficients <xb,j are 
rational. 

As before, using quantum associativity and Corollary 13. 141 we get 

(17) (x s * xi) * x lk+1 = (xic * x ik+1 ) ® e Al 

= x V c ® e A '' + ^2 a B,J Xjc ® e Aj+B . 

ci(B)>0,./C5 

Here the degree satisfies 

(18) deg(xjc) = 2n- deg(x r ) + 2d>2n- deg(x It ) + 4 = 2{n - \I\ + 1). 
Now, the center term in Equation Ijl7|) is written as 

(xiox ik+1 + cb\k xk ® e B ' ) <S> e Al , 

c-l{B')>0,K(1S 

where we have 

(19) deg{x K ) < deg(x / e) + deg(x lk+1 ) - 4 = 2(n - \I\ - 1). 
Since G I c , xicXi k+1 — 0. Finally we have the identity 

C B',K x K ® e B ' +Al = xpc <g> e Al ' + Y a B ,j xjc ®e Aj+B . 

c-l{B')>0,K(ZS c 1 (B)>0,JGS 

By Equations (|T5j) . (|TT)|) . the coefficients o,b,j are zero. This proves the first part of 
the lemma. 

The second part is analogous, just write 

Xi * Xi = XiXi + c]l®e B = c]l(g)e B 

then multiplying by xs 

(xs * Xi) * Xi = (x{iyc * Xi) ® e Ai = c xs ® e B . 
Since x^y * Xi = Xs, it follows that c—1 and e B — e Ai . 

□ 
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